We construct a non-homogeneous contact projective structure which is symmetric from the point of view of parabolic geometries. We describe an example of a contact projective manifold, which carries a contact projective symmetry at each of its points, but which is not homogeneous under the action its transformation group. Firstly, we introduce projective spaces as homogeneous spaces for two different transitive groups  projectivized general linear groups and projectivized symplectic groups. We describe two different types of symmetries which occur there due to the actions of the two groups. By a symmetry at a point we mean a projective transformation, which preserves the point, and its differential induces minus identity on the tangent space at the point (projective symmetries), or on its distinguished subspace (contact projective symmetries).
Finally, we explain importance of presented examples from the point of view of symmetric parabolic geometries, see [1, 3, 6] and references therein. In fact, the examples of projectively symmetric manifold and contact projectively symmetric manifold presented in this article are the only known examples of symmetric parabolic geometries, which are not homogeneous.
Symmetries of projective spaces
In this section, we introduce projective spaces as homogeneous spaces for two distinguished transitive groups. We describe two types of symmetries that exist on projective spaces due to actions of these two groups.
Projective spaces
The real projective space RP is a space of one-dimensional subspaces in R +1
. For each non-zero vector ∈ R +1 , let us denote by the line generated by . Let us consider the projectivized general linear group PGL ( + 1 R), which is the quotient of GL ( + 1 R) by its subgroup consisting of all multiples of the identity. The standard action of GL ( + 1 R) on R +1 preserves one-dimensional subspaces, and thus factorizes to a transitive action of PGL ( + 1 R) on RP . Let us consider the standard basis 0 of R +1
, and denote by Q the stabilizer of 0 . Then Q consists of classes of block upper triangular matrices with blocks of sizes 1 and , and we get RP PGL ( + 1 R)/Q. In particular, PGL ( + 1 R) is the group of all projective transformations of RP .
Suppose moreover = 2 + 1. Thus consider an odd-dimensional projective space RP 2 +1 which is a space of onedimensional subspaces of R 2 +2
. There is a symplectic form on R 2 +2 , and we consider the symplectic form Ω of the form There is the projectivized symplectic group PSp (2 + 2 R) ⊂ PGL (2 + 2 R) corresponding to Ω which is a factor of Sp (2 + 2 R) by its center. The group PSp (2 + 2 R) acts transitively on RP 2 +1 , too, and we denote by P ⊂ PSp (2 + 2 R) the stabilizer of 0 for this action, i.e. P = PSp (2 + 2 R) ∩ Q. Thus elements of P are classes of block upper triangular matrices with blocks of sizes 1 2 and 1 belonging to PSp (2 + 2 R). Altogether, we get RP 2 +1 PSp (2 + 2 R)/P.
Restricting to the group PSp (2 + 2 R) induces an additional structure on the projective space. Each two vectors ∈ R 2 +2 generate a plane in R 2 +2 determining a projective line in RP 2 +1 . There are two types of projective lines:
• a projective line determined by points and such that Ω( ) = 0,
• a projective line determined by points and such that Ω( ) = 0.
Since a projective transformation A is symplectic if and only if Ω(A A ) = Ω( ) for each ∈ R 2 +2 , the action of A maps isotropic planes onto isotropic planes, and non-isotropic planes onto non-isotropic planes in R 2 +2
. It cannot map an isotropic plane onto a non-isotropic one and vice versa.
There is a well-known identification T RP 2 +1 * ⊗ R 2 +2 / for each ∈ RP 2 +1 . The symplectic form Ω defines a subspace
which is a codimension-one subspace of R 2 +2 containing . Passing to the multiples of , this subspace remains unchanged, and we obtain a correctly defined subspace
of dimension 2 . In this way, we get a contact structure H ⊂ T RP 2 +1 on RP 2 +1
, and each element of PSp (2 + 2 R) particularly preserves H. The projective space RP 2 +2 together with the distribution H is called contact projective space.
Let us finally point out that if some projective line is tangent to H at one point, then it is tangent to H everywhere, and these contact projective lines are exactly lines given by isotropic planes in R 2 +2
. The projective lines given by non-isotropic planes in R 2 +2 are called chains. 
Projective and contact projective symmetries
There is a natural way to view transformations of RP generalizing classical symmetries from the linear algebra point of view.
Definition 1.1.
For a line ⊂ R +1 , we define a symmetry at the line as an element A ∈ GL ( + 1 R) such that A( ) ⊂ and the induced map on * ⊗ R +1 / is minus identity.
This definition has a clear interpretation for projective spaces RP : a projective symmetry at a point ∈ RP is a projective transformation σ : RP → RP preserving such that T σ = −id on T RP . Compare with the concept introduced in [5] .
Since all projective transformations of RP are left multiplications by elements of PGL ( + 1 R), the discussion of projective symmetries translates into the studying of actions of elements of PGL ( + 1 R). We focus on symmetries at the origin 0 of RP PGL ( + 1 R)/Q. Since the symmetry preserves the origin, it has to be an element of Q, and one can see directly from the definition that all projective symmetries at 0 are elements represented by matrices of the form
, where E is × -identity matrix. Thanks to the transitivity of PGL ( + 1 R), there exist symmetries at each point
for all symmetries σ W at the origin.
Let us now focus on elements A ∈ Sp (2 + 2 R). We can still require A( ) ⊂ for a symmetry at . However, there cannot exist a symmetry inducing minus identity on * ⊗ R 2 +2 / . Indeed, the symplectic form Ω determines for each a linear functional on * ⊗ R 2 +2 / , and we can require minus identity only on its kernel, which is exactly
For a line ⊂ R 2 +2 , we define a contact symmetry at the line as an element A ∈ Sp (2 + 2 R) such that A( ) ⊂ and the induced map on H is minus identity.
There again is a direct translation of the situation into the language of contact projective transformations, which explains the terminology. We can say that a contact projective symmetry at a point ∈ RP 2 +1 is a projective transformation :
. Again, one can see from the definition that contact projective symmetries at the origin 0 are given by matrices of the form
where Z = ( for all symmetries Z W at the origin.
Non-homogeneous symmetric spaces
In this section, we recall an interesting example of a projectively symmetric space, which is not projectively homogeneous, and we present its analog for contact projective spaces.
Motivation from the projective case
An interesting phenomenon concerning projective symmetries on projective spaces appears if we remove two distinct points from the projective space RP = PGL ( + 1 R)/Q. This situation was firstly described by Podesta in [5] , and was translated into the language of parabolic geometries in [6] by the author. Let us sketch here briefly this construction.
Suppose > 2 and consider −1 and , the last two vectors in the standard basis of R +1 . Denote M = RP \ { −1 }. Then M carries a natural projective structure induced from RP , and the group H of all projective transformations of M consists exactly of elements of PGL ( + 1 R) whose action preserves −1 and or swaps −1 and .
The first crucial observation is that M is not projectively homogeneous. The group H maps each point from the projective line determined by −1 and again on . In fact, according to the action of H, the manifold M decomposes into two orbits. One of the orbit is exactly ∩ M, the set of all such that is linearly dependent on −1 and . Indeed, we can prescribe a projective transformation of by mapping onto itself for = − 1 , and by mapping onto for arbitrary two ∈ . The set RP \ of all such that is linearly independent of −1 and forms the remaining orbit, because there exists a linear isomorphism of R +1 preserving −1 and and mapping an arbitrary vector onto arbitrary vector due to their linear independency of −1 and .
The second crucial observation is that M carries a projective symmetry at each point. In [5, 6] , one can find an explicit computation showing that there exist symmetries for each element of ∩ M, which swap −1 and , and there are no symmetries preserving them. Simultaneously, there exist symmetries at each element of RP \ , which preserve −1 and , and there are no symmetries swapping them.
Let us finally point out that since the group PGL ( + 1 R) acts transitively on pairs of points of RP , we can remove arbitrary two points of RP and the same principle applies. Thus RP \ { } is projectively symmetric and is not projectively homogeneous for each ∈ R +1 . In fact, the choice of −1 and only simplifies the explicit computations presented in [6] .
Contact projective case
Let us now discuss the same phenomenom for contact symmetries on RP 2 +1
where > 2. Thus let us choose arbitrary two points and from RP 2 +1 PSp (2 + 2 R)/P, and consider M = RP 2 +1 \ { }. Then M carries the contact projective structure induced from RP 2 +1 , and the group G ⊂ PSp (2 + 2 R) of contact transformations of M consists exactly of elements of PSp (2 + 2 R) preserving and or swapping and .
Since PSp (2 + 2 R) ⊂ PGL (2 + 2 R), we see directly from the projective case that G cannot act transitively on M. The crucial observation is that contrary to the case of PGL (2 + 2 R), the group PSp (2 + 2 R) does not act transitively on pairs of points in RP 2 +1 . Indeed, points and determine a projective line in RP 2 +1 which is either a contact line or a chain. Since the action of PSp (2 + 2 R) maps contact lines onto contact lines and chains onto chains, it is not possible to map a pair of points and determining a contact line onto a pair of points determining a chain and vice versa. We have to distinguish two different cases:
I. and determine a contact projective line in RP 2 +1 , II. and determine a chain in RP 2 +1 .
Case I
Let us firstly focus on the situation that the points and determine a contact projective line in RP 2 +1 .
Lemma 2.1.

The manifold M decomposes according to the action of G ⊂ PSp (2 + 2 R) into the following orbits: (a) the orbit ∩ M of points such that is linearly dependent on and , (b) the orbit of points such that is linearly independent of and , but orthogonal to both and , (c) the orbit of points such that is linearly independent of and , but orthogonal to exactly one of and , (d) the orbit of points such that is linearly independent of and , but not orthogonal to either and .
Proof. It is clear even from the action of PGL (2 + 2 R) that ∩ M forms one of the orbits of the action. The rest then follows from the fact that the only additional restriction given by the action of PSp (2 + 2 R) is that we have to map a contact line onto a contact line, and a chain onto a chain.
Let us now study possible contact symmetries on M according to the decomposition of M into the above orbits. is a symmetry at we are looking for.
Proposition 2.3.
There exists a contact projective symmetry at each point of M.
Proof. We find a contact symmetry at each point of M in the following way: We construct symmetries at 0 and in each case we place the points and in such a way that 0 lies in the right orbit.
We can represent any contact symmetry of RP 2 +1 at 0 by a matrix of the form
where Z = ( 1 ) and W = ( 1 ) are from R * and ∈ R, and E denotes the ( × )-identity matrix. Let us denote the corresponding orbit by the letter from the list in Lemma 2. . Moreover, one can see from the second and last row of the matrix ( * ) that the symmetry has to preserve the vector 1 , while it has to multiply the vector 2 +1 by −1. Thus solve 
Case II
Let us now focus on the situation M = RP 2 +1 \ { }, where the points and determine a chain in RP 2 +1 .
Proposition 2.4.
There are points in M, where symmetries do not exist.
Proof. Let 
We get the restriction 1 = 0 from the first system, while the second system gives the restriction 1 = 2. Thus there are no symmetries.
The summary
Let us collect the above observations on contact projective symmetries into the following statement.
Theorem 2.5.
The non-homogeneous projectively contact manifold M = RP 2 +1 \ { } is contact projectively symmetric if and only if Ω( ) = 0.
Motivation from symmetric parabolic geometries
There is a distinguished class of geometric structures on manifolds which are described by graded simple Lie algebras g. These are heavily studied under the name parabolic geometries, see [1] . Particular examples of parabolic geometries are projective structures which correspond to the |1|-grading of sl( + 1 R) of the form sl( There is a nice description of projective and contact projective structures given in [2] or [1, Sections 4.1.6 and 4.2.7]. A projective structure on -dimensional manifold M is a (2 − 2)-parameter family of paths in M such that for each point ∈ M and each direction L ∈ P(T M), there is a unique path in the family passing through and tangent to L such that the paths are among the unparameterized geodesics of some affine connection. A contact projective structure is a (4 − 1)-parameter family of contact paths in the (2 + 1)-dimensional contact manifold (M H) such that for each point ∈ M and each direction L ∈ P(H ), there is a unique contact path in the family passing through and tangent to L such that the paths are among the unparameterized geodesics of some affine connection.
Let us point out that there is a homogeneous model for each parabolic geometry  the homogeneous space carrying a geometric structure whose automorphism group is exactly the transitively acting group G with the Lie algebra g, see [1, Section 1.4] . Thus homogeneous models for projective structures are exactly projective spaces RP with the transitive action of PGL ( + 1 R), while homogeneous models of contact projective structures are projective spaces RP 2 +1 together with the distribution H given by the transitive action of PSp (2 + 2 R). In particular, the family of contact projective lines in RP 2 +1 is the contact projective structure given by the canonical flat connection as defined in [2] .
Each parabolic geometry can be restricted to an open subset of the base manifold. For homogeneous models, the automorphism group of such a restriction is induced by the corresponding transitive action. This is exactly the situation of the manifold M = RP 2 +1 \ { } and projective and contact projective structure over M. In particular, automorphisms of these parabolic geometries over M are simply automorphisms of the homogeneous models, which can be restricted to the subset M, and we discuss symmetries among these automorphisms.
Let us finally remark that homogeneous models are always symmetric (for a suitable choice of the group G with the Lie algebra g) and there always are smooth systems of symmetries. It is easy to verify from the properties of Iwasawa decomposition, that there exists a symmetry at the origin which can be extended to the smooth system on the whole model by the action of the maximal compact subgroup of G, see [1, Section 2.3.5]. However, it is proved in [4] that if there is a smooth system of symmetries on a parabolic geometry, then it is homogeneous. Most of the known examples of symmetric parabolic geometries are homogeneous spaces (but not homogeneous models), see [3] . In fact, the two examples described in this article are the only known examples of symmetric parabolic geometries, which are not homogeneous and cannot carry smooth systems of symmetries.
